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ABSTRACT
Using superspace techniques we construct the general theory describing D = 4, N = 2
supergravity coupled to an arbitrary number of vector and scalar–tensor multiplets. The
scalar manifold of the theory is the direct product of a special Ka¨hler and a reduction of
a Quaternionic–Ka¨hler manifold. We perform the electric gauging of a subgroup of the
isometries of such manifold as well as “magnetic” deformations of the theory discussing the
consistency conditions arising in this process. The resulting scalar potential is the sum of a
symplectic invariant part (which in some instances can be recast into the standard form of
the gauged N = 2 theory) and of a non–invariant part, both giving new deformations. We
also show the relation of such theories to flux compactifications of type II string theories.
1 Introduction
Compactifications of type II string theory on Calabi–Yau manifolds provide effective four–
dimensional theories which can be described by N = 2 supergravity coupled to matter.
The theories obtained in this way naturally contain tensor multiplets, but, using the known
duality relation between tensor and scalar fields in four dimensions, one can use the standard
formulation in terms of hypermultiplets. On the other hand, if in addition to the metric one
gives non–trivial expectation values to the other fields of the ten–dimensional theory, the
effective supergravity in four dimensions is deformed and various fields become massive.
Among these there are the tensors which therefore cannot be dualized into scalars anymore.
These type of deformations are usually described by gauged supergravity theories and
the general couplings for the d = 4, N = 2 case have been worked out in [1, 2]. However, the
description provided in [1, 2] does not include (massive) tensor multiplets and it is therefore
difficult to establish its relation with flux compactifications of type II strings. Moreover, it
is known that the gauging procedure may give inequivalent deformations of theories which
can be mapped onto each other before the gauging is performed. For these reasons it is
quite important to build the general theory describing four–dimensional N = 2 gauged
supergravity coupled to tensor multiplets and possibly to establish the relation of such a
formulation with the standard one of [2].
Although effective theories of type II compactifications with fluxes have been described in
[3, 4, 5, 6, 7, 8, 9] and especially [7] shows the explicit appearance of tensor fields, we provide
here the general construction of N = 2 supergravity with tensor multiplets and describe its
gauging also finding new deformations. The starting point for our construction1 is given by
[11], where the tensor multiplet couplings to supergravity were described and some of the
relations on the scalar geometry of the theory were given.
In this paper we improve the results of [11] by extending the couplings to vector multiplets
and by performing the gauging of the theory. More in detail, by using superspace techniques
we get the general supersymmetry rules after the dualization of some of the scalars of the
hypermultiplets into tensor fields. As a first step in the construction, we discuss the neces-
sary conditions that have to be satisfied in order to perform such a dualization. We then
describe the constraints on the resulting geometry and show their relations with the under-
lying quaternionic geometry of the hypermultiplet scalar σ–model. In particular, we will
show how these constraints can be understood from a “Kaluza–Klein” perspective. When
the quaternionic manifold is given by a homogeneous space, the dualization procedure yields
a space which can be described as the reduction of the original one by removing some of its
nilpotent generators under the solvable decomposition.
1For earlier work see [10].
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As a next step we perform the gauging of the theory. After dualization, not all of the
isometries of the original manifold remain isometries of the final scalar manifold. More-
over, some of these act non–trivially on the tensor fields and therefore cannot become local
symmetries without leading to non–linear couplings for the tensor fields. We then discuss
which isometries can be made local and therefore “gauged”. Always using the superspace
formalism we compute the fermion shifts which restore the supersymmetry of the theory and
give rise to a potential satisfying the supersymmetry Ward identities.
The appearance of tensor fields allows to redefine the gauge field strengths with a shift
proportional to the tensor fields FΛ → FΛ +mIΛBI without breaking supersymmetry, pro-
vided we redefine appropriately the fermion transformation laws. HeremIΛ are real constants
which can be thought as mass parameters for the tensors. This kind of extension2 of the
theory was first obtained in [13] for six–dimensional supergravity, further extended in [14]
and shown in Calabi–Yau compactification of Type II theories in [7].
Indeed the gauging we perform after dualization of some of the hypermultiplets scalars is
a standard electric gauging, but the appearance of the mass parameters mIΛ in the definition
of the new gauge field strengths implies the existence of extended solutions. The shifts of
the supersymmetry transformations indeed acquire some extra terms depending on such
parameters so that the gravitino’s and hyperino’s shifts are symplectic invariants. This
latter can be interpreted also as a “magnetic” gauging, though its definition is not related to
the appearance of magnetic gauge fields. These would lead to the construction of [4] whose
consistency is problematic, as explained in [6, 7].
The scalar potential of the theory follows as usual from the square of the fermionic shifts
by using a known Ward identity of N–extended gauged supergravities [15]. Being the square
of symplectic invariant quantities, but for a term coming from the gaugino shift when non–
Abelian isometries of the Special Ka¨hler manifold are gauged, the potential shows symplectic
invariance for Abelian gaugings where such gaugino contribution does not appear. Therefore
the potential can be split in two parts, one that is explicitly symplectic invariant while the
other is not. The first part is in particular the one which can be obtained by gaugings of
translational isometries and it is therefore directly related to the one which follows from flux
compactifications [7]. However we can not reduce by a symplectic transformation this part
to the standard one described in [2], unless we have a single tensor or in the case where all
the symplectic vectors of the electric and magnetic charges are parallel vectors. Therefore,
except for this particular situation, the magnetic charges give a genuine deformation of the
theory with respect to the standard N = 2 supergravity. This is a fortiori true for non
2Tensor multiplets exist also in 5 dimensions and they can get masses by the same procedure. However,
since they satisfy first order equations of motion, the gauging of the theory can give additional couplings
with the vectors [12].
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abelian gaugings, since a non symplectic invariant extra term is present.
It is interesting to point out that in this process we also get new consistency conditions
with respect to those of the underlying quaternionic geometry. An especially interesting
condition is given by the requirement that a certain combination of the mass parameters
must belong to the center of the gauged Lie Algebra. This condition is certainly satisfied in
our case because each term of the linear combination is in the center of the algebra since we
assume that the isometries that can be gauged electrically are only those which commute with
the translational isometries of the dualized scalars. As we will show, these mass parameters
can be interpreted as “magnetic” Killing vectors and therefore this condition has a natural
interpretation as the fact that the electric and magnetic generators should commute.
The plan of the paper is the following. After this introduction, in section 2 we review the
dualization procedure in order to fix notations, discuss the geometry of the scalar manifold
and give the couplings of N = 2 supergravity to vector, tensor and hypermultiplets. In
section 3 we discuss in detail the gauging procedure. By solving the Bianchi identities of
the various fields using superspace techniques we obtain the shifts to the supersymmetry
transformations and determine the potential of the coupled theory. We then discuss the
properties of such a potential in section 4 detailing the relations with flux compactifications
and with the standard theory of [2]. We also give an Appendix where some explicit examples
of dualizations are discussed.
2 Tensor multiplets coupled to supergravity and vector
multiplets
As already explained in the introduction, the standard N = 2 supergravity contains both
vector multiplets and hypermultiplets. The σ–model parametrized by the scalars of the
vector multiplets is a special Ka¨hler manifold while for the hypermultiplets the σ–model is
quaternionic–Ka¨hler. When we dualize some of the scalars of the quaternionic manifold to
tensor fields, the geometry of the hypermultiplets sector is modified and, in particular, it
is no more quaternionic. As a first step in our construction we will therefore review the
dualization procedure so that we can also fix our notations.
Before entering the details of the dualization procedure some comments are in order.
Quaternionic–Ka¨hler manifolds do not necessarily admit isometries. On the other hand,
the standard dualization of a hypermultiplet scalar field q into a tensor Bµν requires that q
appears in the Lagrangian only through its derivatives so that the Lagrangian is invariant
under constant shifts
q → q + η . (2.1)
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Moreover, if one wants to obtain more than one tensor field by this procedure, the isometries
associated to the dualized scalars should commute, so that all of them can be described
by equation (2.1) at the same time. Notice that so far we did not make any distinction
between compact and non–compact isometries, though as it is shown in the third example
of the appendix, the resulting physics is very different, actually we get in general a singular
Lagrangian.
2.1 Dualization of the commuting isometries
Dualization of the commuting isometries in the quaternionic manifold spanned by the hyper-
multiplets can be done in the usual way by a Legendre transformation on the quaternionic
coordinates quˆ, uˆ = 1, . . . , 4m appearing in the Lagrangian covered by derivatives. Here and
in the following, we are using for the quaternionic geometry the notations given in [2, 15].
Suppose we partition the coordinates quˆ, uˆ = 1, . . . , 4m into the two subsets qu, u =
1, . . . , n and qI , I = 1, . . . , 4m−n, where qI are the coordinates we want to dualize. Since we
are interested in the geometry of the resulting manifoldMn we just consider the dualization
of the quaternionic kinetic term LK in the general N = 2 Lagrangian. If dq
I is considered
as an independent 1-form field, dqI = ΦI and if we add a 3–form Lagrangian multiplier
HI = dBI to LK, we have:
LK = −huˆvˆ dq
uˆ ∧ ∗dqvˆ ⇒ (2.2)
−huv dq
u ∧ ∗dqv − 2huI dq
u ∧ ∗ΦI − hIJ Φ
I ∧ ∗ΦJ + ΦI ∧HI .
Varying LK with respect to BI we find that ΦI is closed and therefore one can equate
ΦI = dqI . The variation with respect to ΦI gives
∗ ΦI = M IJ
(
1
2
HJ − huJ ∗ dq
u
)
(2.3)
and substituting this in (2.2) we find
LK
(dual) = −guvdq
u ∧ ∗dqv +
1
4
M IJHI ∧HJ −M
IJhuI dq
u ∧HJ , (2.4)
where
guv = huv −MIJA
I
uA
J
v , MIJ ≡ hIJ , MIJA
J
u = hIu , (2.5)
and we have defined MIJM
JK = δKI .
As already observed in [11] the metric for the residual scalars, the metric for the kinetic
term of the tensors and for their couplings to the scalars, correspond to the Kaluza–Klein
decomposition of the quaternionic metric
4
huˆvˆ = ǫAB Cαβ U
Aα
uˆ U
Bβ
vˆ (2.6)
that is
huˆvˆ =
(
guv +MIJA
I
uA
J
v MJKA
K
u
MIKA
K
v MIJ
)
, (2.7)
huˆvˆ =
(
guv −guwAJw
−gvwAIw M
IJ + guvAIuA
J
v
)
. (2.8)
The analogous dualization of LK made in terms of the quaternionic vielbein UAαuˆ gives
UAαu = P
Aα
u + A
I
uU
Aα
I , (2.9)
with
PAαu P
Bβ
u Cαβ ǫAB = guv . (2.10)
The fact that the reduction of the quaternionic metric has the same structure as a Kaluza–
Klein reduction on the torus was to be expected since in both cases we consider isometries
described by constant Killing vectors. However, while in the ordinary Kaluza–Klein the
Killing vectors are generators of compact isometries, here we consider only Killing vectors
associated to non compact isometries, namely translations. Indeed if we perform a dualiza-
tion of a compact coordinate covered by the derivative in a generic σ-model then, as shown
in the example 3 of the appendix, one usually obtains a singular Lagrangian, while the dual-
ization of non-compact coordinates gives a regular Lagrangian. The geometrical procedure
associated to such dualization can be easily described in the case of quaternionic σ-models
which are symmetric spaces G/H. Indeed let us perform the solvable decomposition of the
Lie algebra G as
g = h⊕ Solv(g) = h⊕ D⊕ N , (2.11)
where D is the non-compact Cartan subalgebra and N denote the nilpotent part of the
algebra. We consider in N the maximal abelian subalgebra of maximal dimension which
can be generated by translational Killing vectors. Considering any subset of such Killing
vectors and deleting the corresponding generators in g corresponds to dualizing the isometries
associated to the coordinates qI . In the appendix we give two examples of such procedure
for the quaternionic manifolds SU(2, 1)/SU(2)× U(1) and SO(1, 4)/SO(4). Geometrically
this corresponds to considering the quaternionic manifold as a fiber bundle whose base space
is Mn and fiber given by the set of coordinates corresponding to the commuting Killing
vectors. The projections along the fibers correspond to our dualization procedure.
5
2.2 Reduction of the quaternionic geometry after dualization
It is interesting to reduce the coordinate indices of the quaternionic geometry for some
important formulae. Let us first consider the quaternionic relation3
(UAαuˆ U
Bβ
vˆ + U
Aα
vˆ U
Bβ
uˆ )Cαβ = huˆvˆǫ
AB . (2.12)
where ǫAB and Cαβ are the usual antisymmetric metrics used to raise and lower indices of
SU(2) and Sp(2m). Splitting (2.12) on the uv , uI , IJ indices we find three equations which
imply
(PAαu P
Bβ
v + P
Aα
v P
Bβ
u )Cαβ = guvǫ
AB , (2.13)
(UAαI U
Bβ
J + U
Aα
J U
Bβ
I )Cαβ = MIJǫ
AB , (2.14)
PAαu UBαI + U
Aα
I PBβu = 0 . (2.15)
Furthermore, using (2.8) we can easily obtain
UAαu = guvPAαv ≡ P
uAα , (2.16)
UAαI = M IJUAαJ − g
vwAIwP
Aα
v . (2.17)
Further insight into the geometrical structure of the sigma model Mn is obtained by
reduction of the quaternionic indices uˆ, vˆ for the connections and curvatures of the holonomy
group contained in Sp(2m)× SU(2). The SU(2) curvature 2–form is defined as
Ωˆx = dωˆx +
1
2
ǫxyzωˆy ∧ ωˆz , (2.18)
where ωˆx is the SU(2) connection. Defining
ωˆAB =
i
2
σABx ωˆ
x , ωˆx = −i ωˆABσxAB , (2.19)
where σABx are symmetric matrices related to the Pauli matrices
σABx ≡ ǫ
CAσ BxC , (2.20)
one obtains
ΩˆAB ≡ dωˆAB + ωˆ(AC ∧ ωˆ B)C . (2.21)
3Throughout the paper we use hats to denote quantities referring to the original quaternionic–Ka¨hler
manifold and the same symbols without hats for the reduced one Mn.
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Reducing the coordinates indices we find for the connections
ωˆABu = ωˆ
AB
CαU
Cα
u = ωˆ
AB
Cα
(
PCαu + A
I
uU
Cα
I
)
≡ ωABu + A
I
uω
AB
I , (2.22)
ωˆABI = ω
AB
I , (2.23)
∆ˆαβu = ∆ˆ
αβ
CαU
Cα
u = ∆ˆ
AB
Cα
(
PCαu + A
I
uU
Cα
I
)
≡ ∆αβu + A
I
u∆
αβ
I , (2.24)
∆ˆαβI = ∆
αβ
I . (2.25)
It is also important to reduce the SU(2) curvature and its relation to the quaternionic pre-
potential. Using equations (2.22), (2.23) and the fact that after dualization all the quantities
depend just on the qu so that the derivative ∂I is always zero, one obtains from (2.21)
ΩˆABuv = Ω
AB
uv + F
I
uvω
AB
I + 2A
I
[vΩ
AB
u]I + A
I
uA
J
vΩ
AB
IJ , (2.26)
ΩˆABuI = Ω
AB
uI + A
J
uΩ
AB
JI , (2.27)
ΩˆABIJ = Ω
AB
IJ , (2.28)
where the components of the reduced Lie algebra valued SU(2) curvatures are defined as
usual:
ΩABuv ≡ ∂[uω
AB
v] + ω
AC
[u ω
B
v]C , (2.29)
ΩABuI ≡ ∂[uω
AB
I] + ω
AC
[u ω
B
I]C =
1
2
∇uω
AB
I , (2.30)
ΩABIJ ≡ ∂[Iω
AB
J ] + ω
AC
[I ω
B
J ]C = ω
AC
[I ω
B
J ]C . (2.31)
On the other hand, for the quaternionic–Ka¨hler geometry the SU(2) curvature ΩˆAB is defined
in terms of the quaternionic vielbeins as
ΩˆAB = −UAα ∧ U
Bβ , (2.32)
and therefore reducing the r.h.s. we can also get
ΩˆABuv = −U
A
[uαU
Bα
v] = −P
A
[uαP
Bα
v] −A
I
[uA
J
v]U
A
[I αU
Bα
J ] , (2.33)
ΩˆABuI = −
1
2
(
UAu αU
Bα
I − U
A
I αU
Bα
u
)
= −P (AuαU
B)α
I + A
J
uΩ
AB
JI , (2.34)
ΩˆABIJ = −U
A
[I αU
Bα
J ] . (2.35)
From equations (2.26)–(2.28), (2.29)–(2.31), (2.33)–(2.35) we readily obtain
ΩABuv = −∇[u(A
I
v]ω
AB
I )− P
A
α[uP
Bα
v] , (2.36)
∇uω
AB
I = −2P
(A
uαU
B)α
I , (2.37)
ωAC[I ω
B
J ]C = −U
A
α[IU
Bα
J ] . (2.38)
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Furthermore, from the reduction of the quaternionic torsion equation
∇ˆ[uˆU
Aα
vˆ] = 0 (2.39)
we obtain the following relations
∇[uP
Aα
v] = −F
I
uvU
Aα
I , F
I
uv ≡ ∂[uA
I
v] , (2.40)
∇uU
Aα
I = ω
A
I BP
Bα
u +∆
α
I βP
Aβ
u , (2.41)
ωAB[IU
Bα
J ] = 0 . (2.42)
Note that in equation (2.40) there appears a “torsion” term F Iuv; nevertheless this term is
not related to the torsion of the connection on the reduced scalar manifold. In fact, from the
torsionless equation of the original quaternionic manifold (2.39) we see that the covariant
derivative acting on the quaternionic vielbein can be split as
∇ˆuU
Aα
v ≡ ∂uU
Aα
v − Γˆ
w
uvU
Aα
w − Γˆ
I
uvU
Aα
I + ωˆu
A
BU
Bα
v + ∆ˆu
α
βU
Aβ
v , (2.43)
where the quantities appearing in (2.43) were defined in equations (2.22), (2.24), (2.9) and
Γˆ are the components of the Levi–Civita connection associated to the quaternionic metric
huˆvˆ. Considering the antisymmetrizations on the indices u, v, the contribution of the Levi–
Civita connection vanishes and substituting the expressions (2.22), (2.24), (2.9) one obtains
equation (2.40). It is now evident that the torsion term F Iuv arising in the reduction of the
quaternionic–Ka¨hler geometry is associated to the torsion of the connection Γ Iuv which is not
the connection on the scalar manifoldMn. Indeed from the statement that the quaternionic
metric is covariantly constant
∇ˆuˆhvˆwˆ = 0 (2.44)
one can deduce that also the metric on the reduced scalar manifold Mn is covariantly
constant
∇ugvw = 0 (2.45)
where ∇u is the covariant derivative with respect to the the Levi–Civita connection on the
reduced scalar manifold with metric guv.
On the other hand, one can observe that the rectangular matrix PAαu is not the vielbein
on the reduced manifold. Such vielbein 1–form, which we may denote Ei (i = 1, . . . n), must
satisfy ∇Ei = 0 where ∇ contains the spin connection ofMn, in accordance to the fact that
the manifold is torsionless, according to equation (2.45).
From equation (2.40) it is also possible to evaluate the Riemannian curvature on the
reduced scalar manifold acting with a further covariant derivative; one obtains:
Rvzwu = −Ω
AB
uv Pz AαP
α
v B − R
α
wuβPz AαP
Aβ
v −MIJF
I
v[uF
J
w]z . (2.46)
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which shows explicitly, as already observed in reference [11], that the holonomy of the reduced
scalar manifold is not contained in SU(2)× Sp(2m).
Finally, for the interpretation of the gauged supergravity theory coupled to tensor mul-
tiplets, it is important to reduce the fundamental relation defining the quaternionic prepo-
tential (see for instance [2, 15]), namely
2kuˆΛΩˆ
x
uˆvˆ = −∇vˆP
x
Λ . (2.47)
Writing equation (2.47) with explicit free index vˆ → (v, I) and setting kIΛ = 0 we get two
equations which combined give the following relations
2kuΛ(Ω
x
uv + F
I
uvω
x
I )− k
u
ΛA
I
u∇vω
x
I = −∇vP
x
Λ , (2.48)
kuΛ(∇uω
x
I + 2A
J
uΩ
x
JI) + ǫ
xyzωyIP
z
Λ = 0 . (2.49)
2.3 Coupling of the scalar–tensor multiplet to N = 2
ungauged supergravity with vector multiplets
After the dualization of some of the hypermultiplets, the original quaternionic–Ka¨hler mani-
fold reduces to a scalar manifoldMn whose scalar fields are part of the so called scalar–tensor
multiplet
{BI µν , ζ
α, ζα, q
u} , (2.50)
where the index I takes nT values, nT being the number of coordinates covered by derivative
which have been dualized, α = 1, . . .m and u = 1, . . . n, n = 4m− nT .
We recall [2] that the content of the gravitational and vector multiplets is
{
V aµ , A
0
µ, ψA, ψ
A
}
, (2.51){
Aiµ, λ
iA, λı¯A, z
i
}
, (2.52)
where i = 1, . . . nv, nv being the number of vector multiplets. The lower SU(2) index A on
the gravitino (ψA, ψ
A) corresponds to positive chirality, while the corresponding upper index
denotes negative chirality. The opposite convention is adopted for the gauginos (λiA, λı¯A).
Finally, for the hyperinos fields (ζα, ζ
α), lower and upper indices correspond to positive and
negative chirality respectively.
In order to couple the scalar–tensor multiplet to the N = 2 supergravity in the presence
of vector multiplets, we use the superspace approach writing the curvatures of the various
fields in superspace and solving the corresponding Bianchi identities. The curvatures are
defined as follows [2, 15]
T a ≡ DV a − i ψ¯A ∧ γ
aψA = 0 , (2.53)
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ρA ≡ dψA −
1
4
γab ω
ab ∧ ψA +
i
2
Q∧ ψA + ω
B
A ∧ ψB ≡ ∇ψA , (2.54)
ρA ≡ dψA −
1
4
γab ω
ab ∧ ψA −
i
2
Q∧ ψA + ωAB ∧ ψ
B ≡ ∇ψA , (2.55)
Rab ≡ dωab − ωac ∧ ω
cb . (2.56)
In the vector multiplet sector the curvatures and covariant derivatives are:
∇zi = dzi , (2.57)
∇z¯ ı¯ = dz¯ ı¯ , (2.58)
∇λiA ≡ dλiA −
1
4
γab ω
abλiA −
i
2
QλiA + Γijλ
jA + ωAB ∧ λ
iB , (2.59)
∇λı¯A ≡ dλ
ı¯
A −
1
4
γab ω
abλı¯A +
i
2
Qλı¯A + Γ
ı¯
¯λ
¯
A + ω
B
A ∧ λ
ı¯
B , (2.60)
FΛ ≡ dAΛ + L¯Λψ¯A ∧ ψBǫ
AB + LΛψ¯A ∧ ψBǫAB . (2.61)
In the scalar–tensor multiplet sector they are
HI = dBI + 2LI C
A ψ¯Aγ
aψCVa , (2.62)
∇ζα = dζα −
1
4
ωabγabζα −
i
2
Q ζα +∆
β
αζβ , (2.63)
∇ζα = dζα −
1
4
ωabγabζ
α −
i
2
Qζα +∆αβ ζ
β , (2.64)
PAα = PAαu dq
u , (2.65)
where Q is the U(1) Ka¨hler connection [2], Γij is the Christoffel connection one–form for
the special Ka¨hler manifold, LΛ is part of the symplectic section (LΛ, MΛ) of the special
manifold, ωAB and ∆αβ are respectively the SU(2) and Sp(2m,R) connections (2.22), (2.24)
on the Mn manifold and L AIC(q) is a tensor to be determined by the Bianchi identities.
Differentiating equations (2.57)–(2.65) one obtains the Bianchi identities, whose super-
space solutions are given by the following parameterizations (up to three fermion terms):
T a = 0 , (2.66)
ρA = V
aV bρabA + ǫAB T
−
ab γ
bψBV a −
1
2
hIaL
IB
A ψBV
a , (2.67)
FΛ = V aV b FΛab +
(
ifΛi λ¯
iAγaψ
BǫAB + if¯
Λ
ı¯ λ¯
ı¯
AγaψBǫ
AB
)
V a , (2.68)
∇λiA = V a∇aλ
iA + iZ ia γ
aψA +G−iab γ
abψBǫ
AB , (2.69)
HI = HI abcV
aV bV c +
i
2
(
ψ¯Aγ
abζα g
Aα
I VaVb − ψ¯
Aγabζα gI Aα VaVb
)
, (2.70)
∇ζα = V
a∇aζα + iPaAαγ
aψA + i hIa g
I
Aα γ
aψA , (2.71)
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∇zi = Z iaV
a + ψ¯Aλ
iA , (2.72)
PAα = PAαa V
a + ψ¯Aζα + ǫABCαβψ¯Bζβ . (2.73)
We observe that the solution (2.66)–(2.69) of the Bianchi identities is the same as the ordinary
N = 2 supergravity coupled to vector multiplets, except for the extra term hIaLIBA ψBV
a
appearing in (2.67), where hI a = ǫabcdH
bcd
I . In particular, we have used the well known
definitions for the self–dual dressed vector field strengths:
T−ab =
(
N − N¯
)
ΛΣ
LΣF−Λab , (2.74)
Gi−ab =
i
2
gi¯fΓ¯
(
N − N¯
)
ΓΛ
FΛ−ab . (2.75)
and
fΛi ≡ ∇iL
Λ , (2.76)
where ∇i is the Ka¨hler covariant derivative. Furthermore the Bianchi identities imply that
the tensors gAαI , P
Aα
a ≡ P
Aα
u ∂aq
u and LIAB satisfy the following set of constraints
P uAα P
Bα
v + P
uBα PvAα = δ
u
v δ
B
A , (2.77)
gAIα gJBα + g
I
Bα g
Aα
J = δ
I
J δ
A
B , (2.78)
PaCα g
IAα + PAαa g
I
Cα = 0 , (2.79)
PaCα g
Aα
I + P
Aα
a gICα = 0 , (2.80)
∇aL
CA
I = P
(C
aα g
A)α
I , (2.81)
g
α(A
J g
B)
Iα = iǫxyz L
y
I L
z
J σ
x A
B . (2.82)
It is important to note that the previous constraints on the tensors appearing in the scalar–
tensor multiplet (coinciding with those found in reference [11]) are in complete agreement
with the results obtained from the reduction of the quaternionic geometry of section 2.2.
Indeed, equation (2.77) coincides with equations (2.13) and equation (2.80) coincides with
(2.15) provided we identify
gAαI ≡ U
Aα
I . (2.83)
For what concerns (2.79), we can also see that it can also be recast into the form of equation
(2.15) upon identifying
gI Aα ≡M IJgAαJ = U
I Aα + guvAIuP
Aα
v (2.84)
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With the identifications (2.83), (2.84) we also obtain (2.14) from equation (2.78). Equations
(2.81), (2.82) instead coincide with (2.37) and (2.38) provided we identify
LABI = −
1
2
ωABI . (2.85)
Finally, for the benefit of the reader we write down the supersymmetry transformation
laws of the fields on space–time as they follow immediately from the Bianchi identities
solution (2.66)–(2.73):
δ ψAµ = Dµ εA + ǫABT
−
µνγ
νεB (2.86)
δ λiA = i∇µ z
iγµεA + ǫABG−iµνγ
µνεB (2.87)
δ ζα = iPuAα ∂µ q
u γµεA + ihµIg
I
Aαγ
µεA (2.88)
δ V aµ = −i ψ¯Aµ γ
a εA − i ψ¯Aµ γ
a εA (2.89)
δ AΛµ = 2L¯
Λψ¯AµεBǫ
AB + 2LΛψ¯Aµ ε
BǫAB + i f
Λ
i λ¯
iAγµε
B ǫAB + i f¯
Λ
i⋆ λ¯
i⋆
AγµεB ǫ
AB (2.90)
δBµν I =
i
2
(
ε¯Aγµνζα g
Aα
I − ε¯
Aγµνζ
α gI Aα
)
+ 2L AIC ε¯Aγ[µψ
C
ν] + 2L
A
ICψ¯[µAγν]ε
C (2.91)
δ zi = λ¯iAεA (2.92)
δ zi
⋆
= λ¯i
⋆
Aε
A (2.93)
δ qu = P uαA
(
ζ¯αεA + CαβǫAB ζ¯βεB
)
(2.94)
3 The gauging
From the supersymmetry rules described in the previous section we have seen that the vec-
tor multiplet scalar manifold and its couplings have not been touched by the dualization
procedure. This means that if the scalar manifold of the vector multiplets admits isometries,
these can be gauged without any further restriction both for abelian and non–abelian gauge
groups. On the other hand we have seen that the hypermultiplet scalar manifold now has
been reduced and the resulting manifold contains the scalars qu of the original hypermulti-
plets that have not been dualized. This means that care is needed in order to decide which
isometries of the original quaternionic manifold can be gauged.
On general grounds, before the dualization procedure one could have, besides translations,
isometries of the scalar manifolds acting non–trivially on the quaternions which we want
to dualize into tensor fields. These isometries now become symmetries of the resulting
manifold under which the tensor fields are charged. As a consequence one cannot make
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these symmetries local without paying the price of introducing non–linear couplings of the
tensor fields themselves [16]. In what follows we will therefore limit ourselves to the gauging
of symmetries which commute with the translations of the dualized scalars. One should
also remember that in order to gauge non–abelian groups, these symmetries should also be
symmetries of the special Ka¨hler manifold [2].
For these symmetries the gauging procedure is the standard one outlined in [2]. One
adds to the (composite) connections appearing in the transformation laws of the charged
fields the vector fields (which make this symmetry local) dressed with some function of the
scalar fields. To be specific, the connections of the vector line bundle Q, the connection of
the vector tangent bundle Γij, the SU(2) connection ω
x and the Sp(2m) connection ∆αβ are
shifted as
Γij → Γ
i
j + g A
Λ ∂jk
i
Λ , (3.1)
Q → Q+ g AΛP0Λ , (3.2)
ωx → ωx + g AΛPxΛ , (3.3)
∆αβ → ∆αβ + g AΛ∂uk
v
Λ U
uαAUβvA . (3.4)
These modifications obviously break the supersymmetry of the Lagrangian which can be
restored by adding appropriate shifts to the supersymmetry rules of the Fermi fields as well
as adding mass terms for the fermions in the Lagrangian at first order in g and a scalar
potential which is of order g2. Moreover the definitions (2.57), (2.58), (2.61) and (2.65) get
modified to
∇zi = dzi + g AΛkiΛ , (3.5)
∇z¯ ı¯ = dz¯ ı¯ + g AΛkı¯Λ , (3.6)
FΛ ≡ dAΛ +
1
2
g fΛΓΣA
Γ ∧AΣ + L¯Λψ¯A ∧ ψBǫ
AB + LΛψ¯A ∧ ψBǫAB , (3.7)
PAα = PAαu
(
dqu + g AΛ kuΛ
)
. (3.8)
In addition to this standard electric gauging, for which the only constraint is the choice of
generators commuting with the translations of the dualized scalars qI , we can also introduce
here mass terms for the tensor fields which will enter in the theory in a way that looks like
a “magnetic gauging”. We stress however, that we are not gauging the magnetic potentials
and therefore the mass parameters can not be identified with magnetic charges since they
are not related to the isometries of the reduced scalar manifold.
The appearance of tensor fields in the ungauged theory allows us for the introduction of
explicit mass terms for these fields by redefining the (3.7) curvatures
F˜Λab = F
Λ
ab +m
IΛBIab , (3.9)
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where mIΛ are real constants. By doing so, the tensor fields appear naked in the Lagrangian
and therefore cannot be trivially dualized back into scalar fields. Moreover this process will
introduce explicit mass terms for BI and indeed it can be viewed as the usual Stu¨ckelberg
mechanism, where combinations of the gauge field strengths are absorbed in the definition of
massive tensor fields. The introduction of these extra terms also breaks the supersymmetry
of the Lagrangian. We will see in a while that we can again restore it by further shifting
the supersymmetry transformations of the Fermi fields by terms of the first order in m and
by modifying the scalar potential. It is actually interesting that these shifts will not simply
produce m2 terms in the potential but will also interfere with the electric shifts giving terms
proportional to both couplings.
In the presence of the electric gauging and the mass parameters mIΛ the supersymmetry
transformation laws of the fermionic fields (as they come from the closure of the gauged
Bianchi identities) become:
δ ψAµ = Dµ εA + ǫABT
−
µνε
B −
1
2
hµIL
I B
A εB + iSABγ
µεB , (3.10)
δ λiA = i∇µ z
iγµεA +G−iµνγ
µνǫABεB + W
iABεB , (3.11)
δ ζα = iPµAαγ
µεA + i hIµ g
I
Aα γ
µεA + NAα εA , (3.12)
where the extra fermionic terms are:
SAB =
i
2
σxAB
(
gPxΛL
Λ − LxIm
IΛMΛ
)
, (3.13)
NαA = −2 g U
α
Auk
u
ΛL
Λ + gαIAm
IΛMΛ , (3.14)
W iAB = −i g ǫABgi¯PΛf
Λ
¯ + i g
i¯σABx
(
gPxΛf¯
Λ
¯ − L
x
Im
IΛhΛ¯
)
, (3.15)
where now the self–dual dressed vector field strengths (2.74), (2.75) appear combined with
the tensor fields as in (3.9):
T−ab =
(
N − N¯
)
ΛΣ
LΣF˜−Λab , (3.16)
Gi−ab =
i
2
gi¯f¯Γ¯
(
N − N¯
)
ΓΛ
F˜Λ−ab . (3.17)
As expected, the dual sections of the vector scalar manifold appear in the magnetic parts of
the above expressions
MΛ = NΛΣL
Σ , hΛi = N ΛΣf
Σ
i . (3.18)
We notice that the electric part of the shifts has not changed from the standard one obtain-
able in the absence of tensor multiplets. In (3.14) there appear the Killing vectors of the
isometries gauged of the scalar–tensor σ–model, which are the reduction of the isometries of
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the original quaternionic–Ka¨hler manifold. The prepotentials associated to these isometries
appear in (3.13). The geometrical interpretation of PxΛ cannot be the same of the standard
theory, but the conditions following from the requirement of supersymmetry match (2.49),
which are the relations following from the reduction of those existing between quaternionic
Killing vectors and their prepotentials.
Consistency imposes a non–trivial constraint for the (3.13) and (3.14) shifts
4LIC
(AS¯B)C = −N (Bα g
A)α
I , (3.19)
4LI(A
CSB)C = N
α
(AgB)αI . (3.20)
The electric part of these equations can be interpreted as the reduction of the geometric rela-
tions between quaternionic Killing vectors and prepotentials (2.47) on the external directions
I, therefore matching (2.49). This can also be seen as a standard gradient flow equation [15].
The terms in the shifts proportional to mIΛ entering in equations (3.19), (3.20) identically
solve them by using (2.38), where the identification (2.85) of the ωxI connection with L
x
I is
done.
This last identity can also be interpreted as a gradient flow equation assuming that the
mIΛ constants have the roˆle of “magnetic” Killing vectors. In this way one can introduce
“magnetic prepotentials” QΛ x. Considering equation (2.47) for dual Killing vectors k˜IΛ, for
which we set k˜uΛ = 0, one obtains
2 k˜IΛΩxIJ ≡ −∇JQ
xΛ ≡ −ǫxyzωyJQ
zΛ , (3.21)
where it was used that QxΛ should be independent on the scalars we dualized. We can now
see that (3.19) and (3.20) are the same as (3.21) if we relate the Killing vector and the mass
parameter as
k˜IΛ = −
1
2
mIΛ . (3.22)
and define QxΛ as
Qx Λ = −
1
2
ωxIm
IΛ = LxIm
IΛ. (3.23)
By doing so almost all the terms in (3.13)–(3.15) can be rewritten in terms of symplectic
invariants quantities. One can indeed introduce the symplectic vector
T x =
{
QxΛ , gPxΛ
}
(3.24)
and rewrite (3.13)–(3.15) as contractions of this with the other symplectic vectors given by
V ≡ {LΛ,MΛ} and their derivatives
Ui = ∇iV ≡ {f
Λ
i , hΛi} . (3.25)
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Introducing also the symplectic vector
ZαA =
{
−gαIA k˜
IΛ , g kuΛ U
α
uA
}
=
{
1/2 gαIAm
IΛ , g kuΛ U
α
uA
}
, (3.26)
the shifts read
SAB =
i
2
σxAB < V, T
x > , (3.27)
NαA = −2 < V,Z
α
A > , (3.28)
W iAB = −i g ǫABgi¯PΛf
Λ
¯ + i g
i¯σABx < U¯, T
x > , (3.29)
where <,> denotes the symplectic scalar product defined as follows:
( aΛ bΛ )
(
0 δΛ
Σ
−δΛΣ 0
)(
cΣ
dΣ
)
(3.30)
This rewriting is especially useful in view of the construction of the scalar potential.
Since the above expressions are all symplectic invariants, but for the antisymmetric piece in
the gaugino’s shift W [AB], also the corresponding contributions to the scalar potential will
have the same properties.
So far we did not find any further constraint on the possible gauge group by adding
magnetic charges, but we will see that this will not be the case anymore when considering
the supersymmetry Ward identity of the scalar potential.
4 The potential
The scalar potential can be determined by a general Ward identity [15] of extended super-
gravities, which shows that it follows from squaring the fermion shifts. In the present case
such identity reads
δABV = −12S
CA
SCB + gi¯W
iCAW ¯CB + 2N
A
α N
α
B , (4.1)
with SAB, N
α
A and W
AB given by (3.13), (3.14) and (3.15) respectively.
As it is clear from the definition of the fermionic shifts, the right hand side of (4.1)
contains both pieces proportional to δAB as well as to (σ
x)AB. In order for the theory to be
supersymmetric one has to prove that the parts which are SU(2) Lie Algebra valued vanish
identically. Since the various shifts contain expressions proportional to the electric coupling
constant and others proportional to the “magnetic” one, their squares have three type of
pieces which have to be set to zero separately. The first condition follows from the terms
proportional to g2 and it is the simple reduction of the quaternionic identity
Ωxuv k
u
Λk
v
Σ −
1
2
ǫxyzPyΛP
z
Σ +
1
2
f∆ΛΣP
x
∆ = 0 . (4.2)
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Also the m2 piece is identically satisfied. This can be seen from the fact that all contribu-
tions have the same form ΩˆIJ A
BmIΛmJΣMΛM¯Σ with the appropriate coefficients to make it
vanish. The only non–trivial rewriting is the one involving the square of the gauginos, where
using the identities of special geometry we find that
hΛ ihΣ ¯g
i¯ = −MΛMΣ +
1
2
(ImN )ΛΣ (4.3)
and the second part is identically vanishing since it is contracted with ǫxyzL
x
IL
y
Jm
ΛImΣJ . At
this point we are left with the mixed contributions which give us a non–trivial constraint on
the gauge group.
There are two different types of contributions to the Ward identity (4.1) which are pro-
portional to both the electric and magnetic couplings and are triplets of SU(2). The first
one, is given by i
2
PΛACLCBI m
IΣ LΛMΣ+c.c. and is common to all the squares of the symplec-
tic shifts. These again combine with the appropriate coefficients to give zero. In addition,
from the gauginos one has a contribution which is an interference term of the gauging of the
vector multiplet isometries and the magnetic gauging. This reads
gi¯WiACW
CB
 ∼ ik
i
Λ hΣiLIA
CmIΣLΛ + c.c. (4.4)
and it should vanish by itself. The group–theoretic meaning of such equation becomes clear
by using the known identity of special geometry [2]
kiΛf
Γ
i = f
Γ
ΛΠL
Π
+ iP0Λ V . (4.5)
Once this equation is used in (4.4) the constraint becomes
f∆ΛΣ (ImN )∆Πm
IΠ = f∆ΛΣm˜
I
∆ = 0 , (4.6)
where
m˜I∆ ≡ (ImN )∆Πm
IΠ . (4.7)
Note that this equation means that m˜I∆ are the coordinates of a Lie algebra element of
the gauge group commuting with all the generators, in other words a non trivial element
of the center Z(G). Such a constraint follows only for non–abelian gaugings because that
is the only case when one is forced to gauge explicitly the isometries of the vector scalar
manifold introducing the vector manifold Killing vectors kiΛ. In our case, this condition
is certainly satisfied since we assumed from the beginning that the isometries that can be
gauged electrically are only those that commute with the translational isometries of the
dualized scalars. As it should be obvious at this stage, the “magnetic Killing vectors” mIΛ
are precisely associated to such translational symmetries.
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Once one has verified that the Ward identity (4.1) of supersymmetry is satisfied for the
SU(2) Lie Algebra valued pieces one can finally read the potential
V = g2
{
gik
i
Λk

ΣL
Λ
LΣ + 4(guv + hIuM
IJhJv)k
u
Λk
v
Σ L
Λ
LΣ +
(
UΛΣ − 3L
Λ
LΣ
)
PxΛP
x
Σ
}
+ g
[
gi¯
(
fΛi h¯Σ + f
Λ
¯ hiΣ
)
− 3
(
MΛL
Σ +MΛL
Σ
)]
PxΣQ
xΛ
− 2g huI
(
L
Λ
MΣ + L
ΛMΣ
)
kuΛm
IΣ
+ MIJm
IΛmJΣMΛMΣ +
(
gi¯hiΛh¯Σ − 3MΛMΣ
)
QxΛQxΣ .
(4.8)
In the absence of “magnetic charges” only the first line of (4.8) is different from zero and
corresponds to the standard N = 2 potential where guv + hIuM IJhJv has to be identified
with the metric of the quaternionic–Ka¨hler manifold of the hypermultiplet sector.
It should be noted that the full potential (4.8) is symplectic invariant, being the square
of symplectic invariant quantities, except for the first term given by the square of the Killing
vectors of the special Ka¨hler geometry. One can rewrite V by using (3.24) and (3.26). In
doing so we find that the potential is a sum of four distinct pieces
V = g2 gik
i
Λk

ΣL
Λ
LΣ + (T x)TMST
x + 4
[
(ZαA)
TMN Z
A
α − (T
x)TMNT
x
]
. (4.9)
where the scalar product of the last three terms, coming from the square of symplectic
invariant products, have been rewritten as ordinary (orthogonal) matrix product. This
implies that the matrices MS and MN
MS = −
1
2
(
IΛΣ + (RI−1R)ΛΣ −(RI−1)ΛΣ
−(I−1R)ΛΣ I−1ΛΣ
)
(4.10)
and
MN =
(
MΛMΣ −MΛL
Σ
−L
Λ
MΣ L
Λ
LΣ
)
, (4.11)
where we introduced I ≡ ImN and R ≡ ReN to make the notation compact, need not to
be symplectic (in spite of this MS turns out to be symplectic).
Since the term which explicitly breaks symplectic invariance appears only when one
gauges non–abelian groups any abelian electric gauging leads to a symplectic invariant po-
tential. It is interesting to point out that precisely this type of gauged supergravities with
tensors appear naturally in compactifications of type II string theories in the presence of non–
trivial fluxes for the Ramond–Ramond and Neveu–Schwarz three–form fields. For the special
case of Calabi–Yau compactifications, though, we do not simply find that gik
i
Λk

ΣL
Λ
LΣ = 0
as expected, but another important cancellation happens. For abelian isometries the defini-
tion of the prepotentials (2.47) simplifies [4, 15, 6] to
PxΛ = ω
x
uˆk
uˆ
Λ . (4.12)
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Once this is projected on the reduced scalar manifold following from Calabi–Yau compacti-
fications and we take into account the analogous equation (3.23), we obtain that
(ZαA)
TMN Z
A
α = (T
x)TMNT
x , (4.13)
which eventually implies that the scalar potential becomes positive–definite and explicitly
symplectic invariant
V = (T x)TMST
x . (4.14)
We stress here that this result follows only for Calabi–Yau compactifications and a standard
choice of the symplectic sections V , that is one for which the prepotential function of Special
Geometry exists. In the generic case one cannot conclude that (4.13) holds, though usually
analogous cancellations between positive and negative terms of the potential also appear
for gaugings of translational isometries, again leading to positive semi–definite potentials
[17, 8, 9].
Let us now establish the relation between our work and the standard formulation of
[2]. At the level of the ungauged theory the two formulations are simply related by a
dualization procedure, that is a Legendre transformation. Once the theory is deformed
by the gauging, the dualization of the tensors into scalars cannot be performed anymore.
For Abelian gaugings, though, we have seen that the scalar potential exhibits an explicit
symplectic invariance and one can use this invariance to put the potential in the standard
form of [2]. In order to do so, one would like to remove all the dependence on the “magnetic
charges” mIΛ, i.e. set Qx = 0. Since T x is in general a local function of the coordinates
we cannot rotate it to a configuration where Qx = 0 by a constant symplectic matrix. For
special cases, though, if the number of abelian factors is the same as the number of tensors,
one can find that the symplectic vector T x can be written as an overall function of the scalars
multiplying a vector given by constant electric and magnetic charges so that T x ∼ {eIΛ, m
IΛ},
where the extra I index on the electric charges follows from assigning different charges to the
different abelian factors gauged. However, since the “magnetic charges” have an extra index
I, it is impossible to put all of them to zero by a symplectic rotation unless the {eIΛ, m
IΛ}
are parallel vectors for all I’s, or in the case where there is just one tensor, I = 1. The
standard formulation can thus be retrieved only in such cases. For non Abelian gaugings we
cannot in any case reduce the theory to the standard formulation with only electric charges,
due to the presence of the non–symplectic invariant part.
The case of Abelian gaugings with parallel charge vectors is realized in Calabi–Yau com-
pactifications with two electric and two magnetic charges coming from the Ramond–Ramond
and Neveu–Schwarz 2–forms of the Type IIB theory. In this case the tadpole cancellation
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condition implies that e1Λm
2Λ − e2Λm
1Λ = 0 (local case) [5]. Therefore we can choose a sym-
plectic rotation such that the magnetic charges are set to zero and the symplectic vector
(3.24) contains only the electric prepotentials. This also implies that the potential (4.8)
becomes of the form given in [2, 15] for Abelian gaugings of the quaternionic manifold. In
detail, it can be shown to be
V = (T ′x)TMST
′x = −
1
2
I−1ΛΣP ′xΛ P
′x
Σ , (4.15)
which is of the form presented in [5, 6, 7]. Note, however, that, as shown in reference [18],
for orientifold Calabi–Yau compactifications, the parallelism condition cannot be imposed if
we want to obtain a zero potential at the extrema.
We conclude that, except for the afore mentioned particular cases, the deformed theory
in the presence of tensor multiplets cannot be simply related to the one without them.
This seems to indicate that for such gaugings we find new genuine deformations containing
tensor fields which are inequivalent to the formulation presented in [2]. It would be very
interesting to find a derivation of these new supergravities as consistent effective low–energy
formulations of string or M–theory, possibly in the presence of fluxes.
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A Examples
In this appendix we give two examples of how to retrieve the geometry of the scalar manifold
after dualization in the simple case of the quaternionic manifolds SU(2, 1)/SU(2)×U(1) and
SO(4, 1)/SO(4). Furthermore in the third example we justify our assertion that dualization
of a compact coordinate gives generally a singular Lagrangian; this is done for the σ–model
SU(1, 1)/U(1).
Let us first discuss the dualization procedure for two simple quaternionic manifolds,
namely SU(2, 1)/U(2) and SO(4, 1)/SO(4).
Example 1: SU(2, 1)/U(2)
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In accordance to our discussion in the text (2.11), we decompose the algebra of SU(2, 1)
where h = su(2) + u(1), D = H , N = {G, T1, T2}, where H is the non compact Cartan gen-
erator of su(2, 1) and {G, T1, T2} are the nilpotent generators corresponding to the solvable
algebra generating the coset manifold. The commutation relations of the solvable algebra
are:
[H, G] = G , [H, Ti] =
1
2
Ti , i = 1, 2 , (A.1)
[T1, T2] = G , [G, Ti] = 0 , (A.2)
We choose as maximal abelian ideal the set of generators {G, T1}. The coset representative
will be defined as
L = eσG eϕ1T1 eϕ2T2 eφH , (A.3)
where the fields {σ, ϕ1, ϕ2, φ} are the scalar fields of the σ–model, the subset {σ, ϕ1} being
associated to the Peccei–Quinn symmetries.
Let us first compute the metric of the quaternionic manifold SU(2, 1)/SU(2)× U(1); we
have
L−1dL = Hdφ+
(
e−
φ
2 T1 + e
−φϕ2G
)
dϕ1 + e
−
φ
2 T2dϕ2 + e
−φGdσ . (A.4)
Note that the nilpotent generators {G, T1, T2} have a non compact and a compact part.
If we denote with an hat the non compact part and normalize the traces to a Kronecker
delta, namely:
Tr(GˆH) = Tr(TˆiG) = Tr(TˆiH) = 0 , T r(Tˆ
2
i ) = Tr(gˆ
2) = Tr(Hˆ2) = 1 , (A.5)
the metric is easily computed and we find:
ds2 = Tr
(
L−1dLG/H
)2
= e−φ
(
dϕ21 + dϕ
2
2
)
+ dφ2 + e−2φ (dσ + ϕ2 dϕ1)
2 . (A.6)
It is very easy at this point to recover the scalar manifolds of the σ–models associated to
dualization of the coordinates σ and ϕ1. It is sufficient to kill the associated generators
{G, T1} in equation (A.4), so that the metric of the resulting manifold is obtained simply by
setting to zero the coordinates σ and ϕ1 and their differentials in equation (A.6). We thus
obtain that the metric of the σ– model of the double tensor multiplet is given in this case
by:
ds2 = e−φdϕ22 + dφ
2 , (A.7)
which is easily seen to correspond to the coset manifold SO(2, 1)/SO(2).
If we instead dualize just one coordinate, say σ, by the same procedure we find that the
σ– model of the single tensor multiplet has the metric:
ds2 = e−φ
(
dϕ21 + dϕ
2
2
)
+ dφ2 , (A.8)
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which corresponds to the manifold SO(3, 1)/SO(3).
Example 2: SO(4, 1)/SO(4)
For the manifold SO(4, 1)/SO(4) we proceed in an analogous way. We decompose the
algebra g = so(4, 1) in terms of h, D = H and N = {T1, T2, T3}, where again H is a non
compact Cartan generator of so(4, 1) and N describe the nilpotent ones. Explicitly, the
so(4, 1) algebra is generated by T ij with i, j = 0, . . . , 4, satisfying
[T ij, Tkl] = −4 δ
[i
[kT
j]
l] , (A.9)
where indices are lowered by η = diag{−+ ++ +}. A solvable decomposition follows then
by defining
H = T 04 , Ti = T
i0 − T i4 , i = 1, 2, 3 . (A.10)
The commutation relations of the solvable generators are
[H, Ti] = Ti , [Ti, Tj] = 0 , (A.11)
for any i. The coset representative is now chosen as
L =
(
Πi e
ϕiTi
)
eρH , (A.12)
where the fields {ρ, ϕi} are the scalar fields of the σ–model and the xi are associated with
translational isometries. Proceeding as in the previous example we obtain for the metric of
SO(4, 1)/SO(4)
ds2 = Tr
(
L−1dLG/H
)2
= dρ2 + e2ρ
(
dϕ21 + dϕ
2
2 + dϕ
2
3
)
. (A.13)
It is now easy to see that the resulting manifolds after dualization of any of the ϕi scalars
yields SO(3, 1)/SO(3) and that by the same procedure one can also obtain a double tensor
multiplet with scalar manifold SO(2, 1)/SO(2) and even a triple–tensor multiplet with scalar
manifold SO(1, 1). More in detail, after an appropriate identification of ρ with φ, by dualizing
ϕ3 one obtains (A.8) and by dualizing both ϕ3 and ϕ1 one gets (A.7).
We stress that although the metric for the double tensor multiplet is always (A.7) one
can dualize the remaining scalar ϕ2 only for the theory coming from SO(4, 1)/SO(4) and
not for the universal hypermultiplet. This happens because the metric of the kinetic term
of the double tensor multiplet coming from the SU(2, 1)/U(2) manifold contains explicitly
ϕ2 whereas the kinetic terms of the tensors for the theory following from SO(4, 1)/SO(4)
depend only on φ.
Example 3: SU(1, 1)/U(1)
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In this last example we give an example of dualization of a compact coordinate giving
rise to a singular Lagrangian, taking as toy model SU(1, 1)/U(1).
Let us consider the σ–model with metric, on the unit disk,
ds2 =
dzdz¯
(1− zz¯)2
, (A.14)
or, introducing polar coordinates,
ds2 =
1
(1− ρ2)2
(dρ2 + ρ2dθ2) . (A.15)
Suppose we dualize the compact coordinate θ. Introducing Lagrangian multipliers Hµ
we have the following σ–model Lagrangian
L =
1
(1− ρ2)2
∂µρ∂νρg
µν + aHµH
µ +Hµ∂µθ . (A.16)
Varying θ we find ∂µH
µ = 0, that is Hµ is the dual of the 3–form. Varying Hµ one finds
Hµ = −
1
2a
∂µθ. Substituting in (A.16) and comparing with (A.15) fixes the value of a to be
a = − (1−ρ
2)2
ρ2
. The dualized Lagrangian is then found by using ∂µθ = −2aHµ in (A.16) and
one finally obtains
LDual =
∂µρ∂
µρ
(1− ρ2)2
+
(1− ρ2)2
ρ2
HµH
µ . (A.17)
Equation (A.17) shows explicitly that the Lagrangian is singular in ρ = 0 that is at the
origin of the coset manifold. If we instead set z = i−S
i+S
so that the unit disk is conformally
mapped into the upper half plane the corresponding metric takes the form
ds2 =
dSdS¯
(ImS)2
, (A.18)
where we set S = ieφ +C. The same procedure used before gives now, as dualization of the
corresponding σ–model, the following dual Lagrangian
LDual = ∂µφ∂
µφ+
1
4
e2φHµH
µ , (A.19)
where no singularity appears. Indeed our parametrization with the S field corresponds
exactly to performing the dualization of the non–compact generator of the solvable Lie
algebra of SU(1, 1)/U(1)
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